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■ Abstract 

(N 

We show that for C*-algebras A and B, there is a natural open bijection from Glimm(yl) x 
g3 ■ Ghnim(i?) to Glinini(A ®a B) (where A ®a B denotes the minimal C*-tensor product), 

' and identify a large class of C*-algebras A for which the map is continuous for arbitrary 

B. As a consequence we determine the structure space of the centre of the multiplier 
algebra ZM{A®aB) in terms of Glimm(v4) and Glimm(i3), and give necessary and sufficient 
conditions for the inclusion ZM{A) ® ZM{B) C ZM{A B) to be surjective. Further 
we show that when the Glimm spaces are considered as sets of ideals, the map (G, H) i— >■ 
. G ®a B + A H implements the above bijection, extending a result of Kaniuth from [TH] 

' by eliminating the assumption of property (F). 



The focus of our work is the relationship between a C*-algebra A and its collection of 
primitive ideals Prim(A), a topological space in the hull kernel topology, the associated complete 
regularisation space Glimm(74) of Prim(A), and in particular how Glimm(yl (8)a B) relates to 
Glimm(A) and Glimm(i?). Here AiS)aB is the usual (minimal) tensor product of two C*-algebras 
A and B and our work is motivated by a desire to extend earlier work such as [TO], [3], |22j . 
The problem of representing a C*-algebra as the section algebra of a bundle over a suitable 
' base space may be viewed as that of finding a non-commutative analogue of the Gelfand-Naimark 

. Theorem. Significant contributions to the theory were made by Fell [11], Tomiyama [27J, Dauns 

and Hofmann [9|, Lee [2lJ and others. The topological space Prim(^) arises in this context as a 
natural choice for the base space. However, a major obstacle to this approach is that Prim(A) is 
fSJ ■ in general not sufficiently well-behaved as a topological space from the point of view of bundle 

theory. 

We define the topological space Glimm(yl) as the complete regularisation of Prim(^) and de- 
^ ■ note by Tcr the (completely regular) topology on this space induced by the continuous functions 

■ on Fnm(A). As a set, this space is the quotient of Prim(A) modulo the equivalence relation ~ 

of inseparability by continuous functions on Prim(A). By the Glimm ideals of A we mean the 
ideals given by taking the intersection of the primitive ideals in each Ri-equivalence class, see 
§1- 

In [9], Dauns and Hofmann showed that any C*-algebra A may be represented as the section 
algebra of an upper semicontinuous C*-bundle over Glimm(^) if this space is locally compact, 
or over its Stone-Cech compactification otherwise. Under this representation the fibre algebras 
are given by the Glimm quotients of A. Thus in the case of the minimal tensor product of 
C*-algebras A and B, a natural question that arises is to determine Glimm(74(8ia B) in terms of 
Glimm(A) and Glimm(i3), both topologically and as a collection of ideals of A^a B. A related 
problem (over more general base spaces) was studied by Kirchberg and Wassermann in ^20j, 
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and later by Archbold in [3], by considering the fibrewise tensor product of the corresponding 
bundles of A and B. 

We will denote by Id'(^) the set of all proper norm-closed two sided ideals of A. By Fac(^) 
we mean the space of kernels of factor representations of A, which is a topological space in the 
hull-kernel topology. 

There is a natural embedding of Id'(^) xld'(-B) into ld'{AiSiaB) sending (I, J) i— t- ker(g/(8)<?j), 
where qj and qj are the quotient maps. The restrictions of this map to the spaces of primitive 
and factorial ideals are known to be homeomorphisms onto dense subspaces of Prim(^ ®a 
B) and Fac(j4 (8)a B) respectively, see |31j . |22j . Recently A.J. Lazar has shown in [22] that 
any continuous map / : Prim(A) x Prim(i?) — )■ y, where y is a Ti space has a continuous 
'extension' to Prim(^ ®a B), where we identify Prim(yl) x Prim(S) with its image under the 
above embedding. 

We begin in §1 with considerations of the complete regularisation of a product X x y of 
topological spaces, gathering together and extending results on this theme from the literature. 
Central to this is the theory of w-compact spaces, introduced by Ishii in [IT]. We establish 
(Proposition II. 9p conditions on a C*-algebra A that ensure that the complete regularisation 
of Prim(A) X Prim(i?) is homeomorphic to the product space Glimm(^) x Glimm(i?) for any 
C*-algebra B. In the presence of a countable approximate unit for A, a necessary and sufficient 
condition for this to occur is that Glimm(A) be locally compact. In the general case, sufficient 
conditions include compactness of Prim(A) (e.g. if A is unital), or that the complete regular- 
isation map of Prim(A) is open (e.g. if A is quasi-standard, see jjj). Local compactness of 
Glimm(A) is always a necessary condition. 

Using the extension result of Lazar together with the universal property of the complete 
regularisation of a topological space described in §1, we show (Theorem l2.2p that as a topological 
space Glimm(yl 0a B) is the same as (or can be identified in a natural way with) the complete 
regularisation of Prim(A) x Prim(i?). We investigate conditions under which the latter coincides 
with the cartesian product space Glimm(74) x Glimm(i?), while showing that the underlying 
sets always agree. In Corollary 12 . 31 we give some rather general conditions on ^ or on for this 
coincidence but show an example in §6 where it fails. 

A well-known Corollary of the Dauns-Hofmann Theorem is the existence of a *-isomorphism 
identifying the centre ZM{A) of the multiplier algebra of A with the C*-algebra of bounded 
continuous functions on Glimm(A) (equivalently, on Prim(yl)). We show in Theorem 13.31 that 
for any C*-algebras A and B, ZM{A0aB) can be identified with the bounded continuous func- 
tions on (the complete regularisation of) Prim(yl) x Prim(i?), and give necessary and sufficient 
conditions (Theorem [32D for ZM{A) ZM{B) = ZM{A (8)„ B). 

In §4, we determine the set of Glimm ideals of A^a B in terms of the Glimm ideals of A and 
B. In order to do this, we use an alternative construction of Glimm (A) based on the complete 
regularisation of Fac(A) (rather than Prim (A)) first considered by Kaniuth in |19j . The reason 
for this is the fact that there exists a continuous surjection Fac(j4 ®a B) Ya.c{A) x Fac(i?), 
while it is not known if the restriction of this map to Y'i\m{A®aB) has range Prim(A) x Prim(i?). 

We show in Theorem 14.81 that the map Glimm(yl) x Glimm(i?) — )• Glimm(A ®a B) sending 
(G, H) ^ G ®a B -\- A ®a H determines the homeomorphism of these spaces when considered 
as sets of ideals. This extends Kaniuth's result \19^ Theorem 2.3], which was proved under the 
assumption that A (g)^ B satisfies Tomiyama's property (F), defined below. 

In §5 we consider the problem of determining conditions for which the canonical upper 
semicontinuous bundle representation of Aci^aB over Glimm{A®aB) of [9] is in fact continuous 
(i.e. A^a B defines a maximal full algebra of operator fields in the sense of Fell The main 

result of this section (Theorem 15. 2p shows that, under the assumption that ker(gG ^ qn) = 
G 0a B + A ®a H for all pairs of Glimm ideals {G,H) of A and B, this representation of 
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A^aB is continuous precisely when the corresponding bundle representations of A and B (over 
Glimm(A) and Glimm(i?) respectively) are continuous. We also show that, under a different 
assumption that does not require that these ideals be equal, continuity of A and B is a necessary 
condition for continuity of A iS)a B (Proposition [53]) • 

Let a and /3 be states of A and B respectively. Then the product state a ^ (3 of A (8)a B is 
defined via (a (g) /3)(a ® 5) = a{a)f3{b) on elementary tensors a (g) 6 and extended to A (g)^ B by 
linearity and continuity. If /, J € Id'(yl 0a B) with I ^ J, then we say that a state 7 of ^ (g^ B 
separates / and J if 7(J) = {0} and there exists c E I\J with 7(c) = 1. The minimal tensor 
product A (go, B is said to satisfy Tomiyama's property (F) if given any pair I, J £ Id' {A (g)^ B) 
with I ^ J , there is a product state of A ®a B separating I and J. There are many equivalent 
characterisations of property (F), see [22^ Proposition 5.1] for example. 

For any C*-algebra A we denote by M{A) its multiplier algebra and by Z{A) its centre. We 
say that A is ci-unital if it admits a countable approximate identity. For / € Id'(^) we denote 
by hull(/) = {P G Prim(A) : P D / and by hun/(/) = {M € Fac(A) : M D I}. For a collection 
S C Id'(^) we let k{S) = n{I -.1 e S}, the kernel of S. 

For any topological space X we will denote by C{X) (resp. C^{X)) the *-algebra of con- 
tinuous (resp. bounded continuous) complex valued functions on X. If a : X —> 1" is a 
continuous map between topological spaces we will denote by a* : C{Y) C{X) the unique 
*-homomorphism given by a*{f) = f o a for / G C{Y). 

1 The complete regular isat ion of a product of topological spaces 

Our terminology is that a topological space X is said to be completely regular (or a Tychonoff 
space) if it is a Hausdorff space, and given any closed subset F C X and a point x £ X\F, 
there is a continuous function / : X — > M with /(x) = 1 and f{F) = {0}. 

For / € C{X), denote by coz(/) = {x G X : f{x) ^ 0}, the cozero set of /. Replacing / 
with min(|/|, 1), we may assume that any cozero set in X is the cozero set of some continuous 
function f -.X -^[0,1]. 

Recall that for any topological space X there is a canonically associated completely regular 
space pX, called the complete regularisation of X, with the property that C{X) = C{pX) and 
C^{X) = C\pX). Furthermore the assignment of pX to X defines a covariant functor, the 
Tychonoff functor, from the category of topological spaces and continuous maps to the category 
of completely regular spaces. 

Define an equivalence relation on X as follows: for xi,X2 G X write xi w X2 if f{xi) = f{x2) 
for all / G C^{X). Let pX = X/ ^ and let px-X ^ pXhe the quotient map. Each / G C^{X) 
defines a function on pX by setting f^{[x\) = f{x), where [x] denotes the ^-equivalence class 
of X. Denote by the weak topology on pX induced by the functions {/^ : / G C^{X)}. 

It is shown in [12\ Theorem 3.9] that the space pX constructed in this way is completely 
regular, and that the collection {coz(/'') : / G C''{X)} forms a basis for the topology Tcr- 
Moreover, the map g ^ g o px is an isomorphism of C^{pX) onto C^(X). 

An alternative construction of pX is as follows: let / denote the closed unit interval and 
the set of all continuous maps f : X ^ I. Let P{X) = Yii^f ■ f ^ where If = I for all 
f e I^, and let T : X ^ P{X) be defined via r(x) = {fix))f^jx. 

Defining IP^,P{pX) and t' : pX ^ P{pX) analogously, it is clear that IP^ = {fP : f e I^} 
and hence P{pX) = P{X). The definition of where f € , ensures that r' o px = r, hence 
t(X) is equal to T'{pX). On the other hand, it is well-known that r' is a homeomorphism onto 
its image |29t Lemma 1.5], so that t{X) is homeomorphic to pX. 

The topological space {pX, Tcr), or more precisely the triple {pX, Tcr, px) constructed in this 
way is the complete regularisation of X. 
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Now let X and Y be topological spaces and (j) : X ^ Y a, continuous map. Then setting 
4'^{px{x)) = (py o (j)){x) gives a map (p^ : pX — t- pY such that the diagram 



X—-^Y 

Px Py 

commutes. To see that (pi^ is continuous, let U = coz(/) be a cozero set in pY . Then {pYO(t>)^^{U) 
is precisely the cozero set in X of the continuous function fopyocp. It follows that (</>'')~^([/) = 
coz(/ o Py o (f))P is open in pX by the definition of Tcr- 

Thus the assignment of pX to X defines a covariant functor from the category of topological 
spaces to the subcategory of completely regular spaces, called the Tychonoff functor. The term 
Tychonoff functor was first used by Morita in \25\ p. 32]. 

Lemma 1.1. Let X and Y be topological spaces. Then there is an open bijection 

p{X) X p{Y) ^ p{X X Y) 
sending {px{x), py^y)) ^ pxxY{x,y). 

Proof. We first show that {X/ Ki) x (Y/ Ki) = {X x Y) / as sets; specifically that {xi,yi) ^ 
{x2,y2) if and only if xi X2 and yi y2. Indeed, if {xi,yi) ^ {x2,y2) and / € C^(X) then 
f oTTx e C^{X X y), hence f{xi) = f oTTx{xi,yi) = f oT^x{x2,y2) = f{x2), and xi X2. 

On the other hand if both xi X2 and yi k, y2, take g G C^{X x Y); then g{xi,yi) = 
gix2,yi) = g{x2,y2)- It follows that the mapping {px{x), py{y)) i-)- pxxY{x,y) is a well-defined 
bijection. 

In order to show that the above map is open we use the fact that in a completely regular 
space, the cozero sets of continuous functions form a base for the topology [12l 3.4]. Consider 
a basic open set coz{fP) x coz{gf) in pX x pY, where / € C^{X),g G C'^{Y). Then h{x,y) = 
{f ° Px){x){g'^ o py){y) defines an element of C'^{X x Y), and hence gives G C'^{p{X x Y)) 
with hP o pxxY = h- Then coz[hP) = coz{fP) x coz{gP), so that coz{fP) x coz{gP) is an open 
subset of p(X X y). □ 

In view of Lemma [l.H for any topological spaces X and Y we identify p{X) x p(Y) and p{X x 
Y) as sets. This canonical map is not a homeomorphism in general, however (see Example 16. 
Thus in what follows, we will denote by pX x pY this product space with the (possibly weaker) 
product topology r^, and by p{X x Y) the space with the topology Tcr induced by the functions 
in C\X X Y). 

The following result was obtained originally in [16]: 

Theorem 1.2. (Hoshina and Morita) fJ^ Theorem 2.4] 

Let X and Y be topological spaces. The following are equivalent: 

(i) pXx pY = p{X X Y), 

(a) For any cozero set G of X xY and any point (x, y) G G there are cozero sets U and V of 
X and Y respectively with {x,y) U x V G. 

Definition 1.3. Let (X, T) be a topological space. For a subspace Y Q X denote by Ty the 
topology on Y generated by {coz(/) : / G C{Y)}. 
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For a topological space {X, T) and a subset [/ C X we denote by T \u the subspace topology 
on U inherited from T. For two topologies 71 , Ti on X we write 7i < Ti to say that 7i is weaker 
than 72- 

For any subset [/ C X, we denote by U the T-closure of U and by clT-_y(C/) the r^-closure 
of U . The following lemma establishes some basic properties of the r-topologies on subspaces 
of a topological space (X, T): 

Lemma 1.4. Let (X, T) &e a topological space and let U X . Then: 
(i) Tu <T \u, 

(ii) U is Tx open if and only ifU = Px^{W) for some open subset W C pX , 

(Hi) If U is Tx-open then U is saturated with respect to the relation ^ on X (hence X\U is 
saturated also), 

(iv) clrxiU) = p^ (^px{U)^, where px{U) is the Tcr-closure of px{U) in pX, 

(v) IfU CV CX then ry \u< W ■ 

Proof, (i) Every basic T[/-open set is of the form {x G C/ : f{x) ^ 0} with f : U — > [0, 1] 
continuous, hence is open in T \u- 

(ii) Note that for every continuous / : X ^ [0, 1], coz(/) = p'^{coz{fP)) by the construction 
of /''. Hence [/ C X is rx-open if and only if there exist continuous functions : X — ?> [0, 1] 
for all i in some index set / such that 

[/ = U coz(/,) = U p-^\coz{ft) = p-^ ( U coz(/f ) ) . 

Since the Tcr-open subsets of pX are unions of cozero sets, the conclusion follows. 

(iii) Suppose \J is rx-open and x G U. Then there is a cozero set neighbourhood coz(/) of 
X contained in U, where / : X — )• [0, 1] is continuous. Thus for any y € ^\^7, f{y) = and 
f{x) 7^ 0. Hence x 96 y for any such y, and so [x] C U. 

(iv) By (ii) p^^ (^pxiU)^ is tx closed. Now suppose F C X is rx closed and U Q F. Then 
px{F) is closed in pX by (ii), and contains px{U), hence contains px{U). By (iii), this gives 
F = P'x iPx{F)) 5 Px^ (px(f/)), as required. 

(v) If [/ C y C X, then every / e C{V) has / C{U). Hence coz(/) n C/ = coz(/ \u) is 
a cozero set of U , so that the subspace topology ry \u is weaker than tu. □ 

Definition 1.5. A topological space (X, T) is said to be w-compact if given any T-open covering 
{Ua}a<^A of X, then there exist ai, . . .an € A such that X = clrxiUai U . . . U Ua„). 

It is shown in \18\ Proposition 3.3] that X is w-compact if and only if any family {Qa} of 
Tx-open subsets of X with the finite intersection property has f] Qa 7^ 0. 

The class of w-compact spaces was introduced by Ishii in [17] to characterise the topological 
spaces X for which p(X xY)= pX x pY, for any topological space Y: 

Theorem 1.6. ^IS, Theorem 4-1] For a topological space X the following are equivalent: 

(i) p{X X Y) = pX X pY for any space Y , 

(ii) For each x G X there is a cozero set neighbourhood U of x such that U is w-compact. 
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We will show in Proposition 11.91 that condition (ii) of Theorem 11.61 is satisfied by Prim(A) 
for a large class of C*-algebras A. The following Lemma gives a sufficient condition for a point 
x in a general topological space X to have a cozero set neighbourhood with w-compact closure. 

Lemma 1.7. Let {X,T) be a topological space and suppose that px{x) S pX has a compact 
neighbourhood K such that there is a compact C ^ X with px{C) = K. Then x has a cozero 
set neighbourhood U in X with U w-compact. 

Proof. Choose / G C{pX) with f{px{x)) = 1 and f{pX\mtK) = {0}. Let U = p^^{coz{f)) = 
coz(/ o px), a cozero set neighbourhood of x in X. We claim that U DC is Tjj-dense in U. 

Let y be a cozero set of U, then V is also a cozero set of X by jl8| Lemma 3.9]. Choose 
g € C{pX) such that V = coz{g o px). Note that for any v E Px{y) = coz{g) there is y € C 
such that px{y) = v, hence g o px{y) = g{v) 7^ 0. So R C is non-empty, and since every tjj 
open subset of C/ is a union of cozero sets such asV,Ur\C\s T[/-dense. 

If Q C [/ is a nonempty Tjj-open subset, then it is relatively open (in the subspace topology 
T by Lemma [1.41 (i). In particular, Q n C/ is nonempty, and moreover is tu open by 
Lemma 11.41 (v). 

Take a collection {Qa} of r^j-open subsets of U with the finite intersection property. Then 
for every finite subcollection {Qaj}"=i, the intersection nj=i(Qaj fl [/) = (^0^=1 Qqj) H C/ is 
nonempty. It follows that {Qa H C/} is a collection of r^j-open subsets of U with the finite 
intersection property. Since [/ PI C is r[/-dense. 



is nonempty for every such subcollection. Thus {Qa H C/ fl C} is a collection of subsets of C 
with the finite intersection property. Since C is compact, f] (Qo PI [/ n C) n C 7^ 0. As 



Lemma 1.8. Zei X be a topological space and suppose that every x ^ X has a cozero set 
neighbourhood with w-compact closure. Then pX is locally compact. 

Proof. If ^ C X is w-compact, then px{A) is w-compact by [18, Proposition 3.10]. But then 
since px{A) is completely regular it is homeomorphic to its complete regularisation p{px{A))., 
hence is compact by [HI Proposition 3.4]. 

For each point x € X, let Ux be a cozero set neighbourhood of x with Ux w-compact. Then 
Px{Ux) is compact, and is a neighbourhood of px{x) since px (Ux) is open by Lemma fTTilf iv). □ 

Now let ^ be a C*-algebra and Prim(A) the space of primitive ideals of A with the hull- 
kernel topology. We define Glimm(y4) as the complete regularisation pPnm{A) of Prim(j4), and 
denote by pA ■ Prim(A) — )• Glimm(74) the complete regularisation map. 

Let p € Glimm(A) and choose P E Prim(j4) with pa{P) = P- We associate to the point p 
the norm closed two sided ideal Gp of A given by 



Note that since [P] is closed in Prim(^) and Gp = k{[P]), each equivalence class in Pnm(A)/ ~ 
is of the form 




(Q„ n [/ n C) n c c Q, 



a 



for each a, this implies that P| Qa 7^ 0. Hence U is w-compact. 



□ 



Gp = r\{Q e Prim(A) : Q ^ P} = f]{Q G Prim(A) : =p} = k{[P]). 



[P] =hull(fc([P])) = hull(Gp), 
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by the definition of the hull-kernel topology. 

The collection {Gp : p £ Glimm(^)} are known as the Glimm ideals of A. Since the 
assignment p i— t- Gp is injective, we will regard elements of Glimm(^) as either points of a 
topological space or as ideals of A, depending on the context. 

Proposition 1.9. Let A be a G* -algebra such that one of the following conditions hold: 
(i) Prim(A) is compact, 

(a) the complete regularisation map pA '■ Prim(^) — t- Glimm(A) is open, or 
(Hi) A is a-unital and Glimm(A) is locally compact. 

Then every P € Prim(74) has a cozero set neighbourhood with w-compact closure. Hence for 
any G* -algebra B, the complete regularisation p(Prim(^) x Prim(i?)) o/Prim(^) x Prim(i?) is 
homeomorphic to the product space Glimm(A) x Glimm(i?). 

Gonversely, if Glimm(^) is not locally compact then there is P £ Prim(74) that does not 
have a cozero set neighbourhood with w-compact closure. 

Proof. Note that if (i) holds then Glimm(A), being the continuous image of the compact space 
Prim(^), is compact. The proposition is then immediate by Lemma [1 . 71 with G = Prim(^) and 
K = Glimm(^). 

In cases (ii) and (iii), take P G Prim(^) with pa{P) = x and let K' be a compact neigh- 
bourhood of X in Glimm(^). By |23[ Theorem 2.1 and Proposition 2.5], K' is contained in a 
compact subset of Glimm(>l) of the form 

K:={Ge Glimm(>l) : \\a + G|| > a} = pa{{P G Prim(A) : \\a + P|| > a}), 

for some a ^ A and a > 0, and the set {P € Prim(74) : \\a + P\\ > a} is compact by \\Qi\ 
Proposition 3.3.7]. Then X is a compact neighbourhood of x, and the conclusion thus follows 
from Lemma 11.71 

It then follows from Theorem 11.61 that if any of the conditions (i) to (iii) hold, p{FT\m.{A) x 
Y) = p{VT\m{A)) x p{Y) for any space Y . In particular, if i? is a C*-algebra then we have 

p{Fmm{A) x Prim(i?)) = p{Fi\m.{A)) x p(Prim(i?)) = Glimm(74) x Glimm(i?). 

On the other hand if Glimm(^) is not locally compact, then by Lemma 11.81 there is P G 
Prim(^) for which no cozero set neighbourhood of P has w-compact closure. 

□ 

Remark 1.10. Suppose that ^ is a C*-algebra such that Prim(A) does not satisfy condition (ii) of 
Theorem 1 1.6[ Then there is a topological space Y for which p(Prim(A) xY) ^ Glimm(74) x p{Y). 
It is not immediately evident whether this space Y can be chosen as Prim(i?) for some C*- 
algebra B. Thus the partial converse in Proposition 11.91 does not preclude the possibility that 
/9(Prim(A) X Prim(i?)) = Glimm(74) x Glimm(i?) for ah C*-algebras A and B. 

We will show in Example 16.11 however that p{X xY) ^ p{^) ^ pO^) is indeed possible when 
X and Y are primitive ideal spaces of C*-algebras. Specifically, we construct a C*-algebra A 
for which p{Pnm{A) x Prim(^)) ^ Glimm(^) x Glimm(^) 

Remark 1.11. Another natural topology on the complete regularisation pX of a space X is the 
quotient topology Tg induced by the complete regularisation map px', that is, the strongest 
topology on pX for which px is continuous. Since px is continuous as a map into {pX,Tcr), 
it always holds that Tcr < Tg. However, there is an example due to D.W.B. Somerset of a 
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space X for which Tc- 7^ Tq on pX, and a C*-algebra A with Prim(74) homeomorphic to X 
Appendix]. 

In the case of the primitive ideal space of a C*-algebra A, there are many conditions known 
to ensure that Tcr = Tq on Ghmm(^). A.J. IjSjzsi has shown in [211 Theorem 2.6] that if X 
is locally compact and cj-compact (that is, X is a countable union of compact subsets) then 
Tcr = Tq ou pX . In particular this holds for the space Prim(74) whenever ^ is a cr-unital C*- 
algebra, or when Prim(yl) is compact. The two topologies also coincide if pA is either Tcr or 
Tq-open [U p. 351]. 

One particular consequence of these results is that if A is a C*-algebra satisfying one of the 
conditions (i) to (iii) of Proposition II. 9t then necessarily Tcr = Tq on Glimm(74). 

The topology Tcr is in some sense the more natural topology on pX, since it is by definition 
the unique topology for which p%^ : C^{pX) — )• C^{X) is a *-isomorphism. This allows us to 
apply the results of Ishii from [18j on the complete regularisation of a product space. Moreover, 
in the case of the primitive ideal space of a C*-algebra A^ we will apply the Dauns-Hofmann 
identification (see [|3]) of ZM{A) with C'' (Glimm( A), Tcr) to determine ZM{A 0ct B) in terms 
of continuous functions on the Glimm spaces of A and B. 

2 The Glimm space of the minimal tensor product of C*-algebras 

In this section we show that, as a topological space Glimm(^ ®a B) can be naturally identified 
with Glimm(A) x Glimm(i?), when the latter space is considered as the complete regularisation 
of Prim(A) x Prim(i?). We first discuss the canonical embedding of Prim(^) x Prim(i3) in 
Prim(^ (g)Q, B). 

Let vr : ^ — > A' and a : B ^ B' he *-homomorphisms of C*-algebras. Then there is a 
unique *-homomorphism vr (g) a : A B ^ A' (8)q, B', such that (vr (g) cr) (a (8) 6) = 7r(a) (8) cr{b) for 
all elementary tensors a ^ b (z A (S) B. In particular let (/, J) G Id'(A) x Id'(i?) and denote by 
qj : A A/I,qj : B B/J the quotient homomorphisms. Then we have a *-homomorphism 
qi (g) qj : A B ^ {A/ 1) 0^ (B/J). 

We now define two natural maps $, A : Id' (A) x ld'{B) — )• Id'{A B) via 



The following Proposition lists some known properties of the map $. 

Proposition 2.1. Let A and B be C* -algebras and A^a B their minimal C* -tensor product. 
Then the map $ defined by ^ has the following properties: 

(i) IfI,Ke Id' (A) and J,Lg ld'{B) are such that I D K and J D L then $(/, J) D ^{K, L) 
[221 Lemma 2.2], 

(ii) The restriction of ^ to Prim(A) x Prim(i?) is a homeomorphism onto its image which is 
dense in Prim(yl B) .!! . lemme 16], 

(iii) The restriction of ^ to Fac(^) x Fac(i?) is a homeomorphism onto its image which is 
dense in Fac{A (g)a B) [22l Corollary 2.7], 

(iv) For I,J e Id'{A) X Id'{B), $ (hull(/) x hull(J)) is dense in hull($(/, J)) ^ Corollary 



HI, J) 

Ail, J) 



ker{qj (g) qj) 

I(^aB + A(g)aJ. 



(1) 

(2) 



2.3] 
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(v) For I,J e Id'{A) X ld'{B), we have 

J) = f]{<^{P,Q) : {P,Q) G hull(/) X hull(J)} 

Remark 2.4] 



Theorem 1 2 . 2 1 b elow identifies the complete regularisation of Prim(74) x Prim(i?) with that of 
Prim{Af^aB). As discussed in the remarks proceeding Lemma [l.ll we need to take into account 
the appropriate topology on the former space. Thus we will refer to p (Prim(A) x Prim(i?)) as 
(Glimm(A) x Glimm(i?), Tcr), and p(PT\m{A)) x p(Pnm{B)) as (Glimm(^) x Glimm(i?), Tp) 

Theorem 2.2. Let A and B he C* -algebras, A^^B their minimal -tensor product and denote 
by Pa, Pb <ind pa the complete regularisation maps o/ Prim(^), Prim(i?) and Vrim{A 0^ B) re- 
spectively. Then there is a homeomorphism ij) : G\\m.m.{A®aB) — )• (Glimm(A) x Glimm(i?), Tcr) 
given by 

ii^o p^){^P,Q)) = {pa{P),Pb{Q)). 
It follows that ip defines a continuous bisection Glimm(yl (8)q, i?) (Glimm(^) x Glimm(S), Tp). 

Proof. The map PA^ PB ■ Prim(y4) x Prim(i?) —?■ (Glimm(yl) x Glimm(fi), Tcr) is the complete 
regularisation map of Prim(^) x Prim(i?) by Lemma 11.11 For the remainder of the proof we 
will consider Glimm(74) x Glimm(i3) with this topology (from which the second assertion will 
follow since Tp is weaker). 

By [221 Theorem 3.2], the map {pA x pb) o : ^ (Prim(A) x Prim(S)) Glimm(yl) x 
Glimm(i?) extends uniquely to a continuous map {pA x Pb) '■ Prim(^ (8>q B) — t- Glimm(A) x 
Glimm(S). 

Since Glimm(^) x Glimm(i3) is completely regular, {pA x ps) induces a continuous (sur- 
jective) map ■0 • Glimm(A B) — )• Glimm(A) x Glimm(i?) with the property that ip o p^ = 
{pA X pb) [Ml Corollary 1.8]. 

Prim(>l) X Fnm{B)'—^ ^ Prim(^ (g)Q, B) 



PA^-PB 




Pa 



Glimm(A) x Glimm(i3) - - Glimm(^ ®a B) 

To show that ip is in fact a homeomorphism, it suffices to show that the *-homomorphism 
■0* : C^(Glimm(A) x Glimm(S)) ^ C^(Glimm(A (g)^, B)), = / o is surjective [13 

Theorem 10.3 (b)]. 

To this end, let / G C^(Glimm(^ B)), so that f o p^ e C'' (Prim(^ (gja B)) and hence 
/ o o $ G C'' (Prim(^) x Prim(S)). Denote hy g G C^(Glimm(A) x Glimm(i?)) the unique 
function such that g o (p^ x p^) = / o o Then / o p^ and g o (p^ ^ Pb) are both continuous 
extensions oi g o [pA x pb) o to Prim(j4 (8)a B), hence must agree by [22] Theorem 3.2]. 

Take m G Ghmm(74 (S>a B) and M G Prim(74 (gj^ B) such that Pa{M) = m. Then 

i:* {g){m) = {g o ^){m) = {g o ip o pa){M) 

= {g o {pA X pb)){M) 

= (/op„)(M) 

= f{m) 

It follows that ip*{g) = f, hence tp* is surjective. □ 
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Note that Theorem 12.21 shows that pa o ^ is surjective. In particular, given any M G 
Prim(^ (g)Q, B) there exist (P, Q) G Prim(yl) x Prim(B) such that M ^{P,Q). 

Corollary 2.3. Let A and B he C -algebras such that either A or B satisfies one of the 
conditions (i)-(iii) of Proposition HOI Then Ghmm(^) x Ghmm(i?), and hence 

Glimm(A0aB) is homeomorphic to (Ghmm(A) x GUmm(i3), Tp) via the map ip of Theorem \2.2l 

Proof. Immediate from Proposition 11.91 and Theorem 12.21 □ 

3 The central multipliers of A <S)a B 

In this section we apply Theorem l2.2l to determine the centre of the multiplier algebra oi A(^aB 
in terms of the topological space (Glimm(A) x Glimm(i3), r^). We show in Theorem 13.31 that 
ZM{A (S)a B) is *-isomorphic to the C*-algebra of continuous functions on the Stone-Cech 
compactification of (Glimm(A) x Glimm(i?), Tcr)- Further in Theorem 13.61 we give necessary 
and sufficient conditions on this space for which ZM{A) ^ ZM[B) = ZM(A (8)q, B). 

The embedding of M{A) (^a M{B) C M{A ®a B) is discussed in [I], we include a proof in 
Lemma l3. II below for completeness. It is shown in [15t Corollary 1] that for C*-algebras C and 
D we have Z{C ®a D) = Z{C) ® Z{D) (where Z{C) Z{D) is the unique C*-completion of 
the algebraic tensor product Z{C) Z{D) by nuclearity). In particular it follows that for any 
C*-algebras A and B we may identify Z{M{A) (8)« M{B)) = ZM{A) ® ZM{B). Thus in this 
section we are concerned with relating the centre of the larger algebra M{A (8)a B) with that of 
M{A) M{B). 

Suppose that C is a C*-algebra and z G M(C) such that zc = cz for all c G C, and take 
m G M{C). Then 

{zm)c = z{mc) = {mc)z = m{cz) = m{zc) = {mz)c, 

and similarly c{zm) = c{mz) for all c G C. Thus zm = mz and so we may identify 

ZM{C) = {z G M{C) ■zc = cz for ah c G C}. (3) 

Recall that an ideal I of a C*-algebra C is said to be essential in C if given any nonzero 
ideal J of C, J {0}. Equivalently for any c ^ C, cl = Ic = {0} imphes c = 0. 

Lemma 3.1. There is a canonical embedding © : M{A) (8)q, M{B) — > M{A 0^ B) such that 

(0(x (8i y)) {a iSi b) = xa yb and (a b) (0(x y)) = ax ®by 

for all a e A,b e B,x e M{A),y e M{B). Moreover, e{ZM{A) ZM{B)) Q ZM{A(g)aB). 

Proof. Clearly M{A) (8)a M{B) contains A (Siq, S as a two-sided ideal. Suppose J is a nonzero 
ideal of M{A) (S)a M{B). Then by [2, Proposition 4.5], J contains a nonzero elementary tensor 
X ®y where x G M{A),y G M{B). Since A is essential in M{A), there is a G ^ with either 
oj; 7^ or xo 7^ 0. Suppose w.l.o.g. that xa ^ 0, so that ||(xa)*xa|| = ||xa|p ^ 0. Setting 
a' = (xa)*, we then have an element a' G A with a'xa ^ 0. Similarly there are b,b' & B with 
b'yb / 0. It follows that 

a'xa (g) b'yb = (a' b'){x ®y){a0 b) 

is a nonzero element of J H (^ ®a B). Hence A 0^ B is essential in M{A) ®a M{B). 

By [3 Proposition 3.7 (i) and (ii)], there is a unique *-homomorphism Q : M{A)(^aM{B) — )• 
M{A ®a B) extending the canonical inclusion of A ®a B into M{A (S)a B), which is injective 
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since A (gia B is essential in M{A) (g)^ M{B). For elementary tensors x y ^ M{A) (S)a M{B) 
and a®b ^ A ®a B we have 

(0(x (g) y)) {a®b) = Q{x ® y)Q{a b) = Q{xa yb) = xa® yb, 

(since is the identity on A <Sia B), and similarly (a (g) b) (0(x (g y)) = ax ® by. 
For elementary tensors zi<0 Z2 G ZM{A) (g ZM{B) and a (g 6 G A (g^ i? we have 

0(zi (g 2;2)(a (g 6) = zio (g Z2b = azi (g 6^2 = (a (g 6)0(2;i (g ^2), 

from which it follows that for any z G Z M (A) Z M (B) and c E j4(gQi?, 0(z)c = cQ{z). Hence 
by © we see that Q{ZM{A) (g ZM{B)) C ZM(A (g^ -B). □ 

We remark that it was shown in [1, Theorem 3.8] that if A is a-unital and non-unital, and 
B is infinite dimensional, then is not surjective. In what follows, we will suppress mention of 
and simply consider M{A) (g M{B) C M{A (g)a B). 

The relationship between the central multipliers of a C*-algebra and its Glimm space was 
established by Dauns and Hofmann as a corollary to their work on sectional representation for 
C*-algebras: 

Corollary 3.2. |3 III Corollary 8.16] For any C* -algebra A, there is a homeomorphism of 
Prim(ZM(^)) onto f3Glimm(A) , and hence a * -isomorphism ■ C(/3Glimm(^)) — t- ZM{A). 
Moreover, satisfies 

liA{f)a - f{p)a e Gp, for all f G C(/3Glimm(A)),_p G Glimm(^), a ^ A, 

where Gp = f^{P G Prim(74) : pa{P) = p} is the Glimm ideal of A corresponding to p. 

Applying this identification to A(^a B together with the homeomorphism of Theorem 12.21 
allows us to determine ZM{A (go, B) in terms of Glimm(yl) and Glimm(i?): 

Theorem 3.3. Let A and B be G" -algebras and denote by ip the homeomorphism of Theo- 
rem \2.2[ For each point p G Glimm(A(ga5) letGp denote the Glimm ideal of A^aB correspond- 
ing to p. Then there is a canonical ^-isomorphism 0q, : C{f3{G\\mm.{A) x Glimm(S), Tcr)) — )• 
ZM{A (ga B) with the property that 

ea{f)c-{fo,lj){p)ceGp, 

for all f G C(/3(Glimm(^) x Glimm(i?), rcr)),p G Glimm(y4 (go, B) and ce AiE)aB. 

Proof. Since ip is a homeomorphism the induced map ip* is a *-isomorphism. Denote by /i^ 
the *-isomorphism of Corollary 13.21 applied to A (go, B, and by 0q, the composition of the 
*-isomorphisms 

C (/3(Glimm(^) x Glimm(5), Tc^)) C (/3Glimm(A ®„ B)) ZM{A 0a B). 
Then ©q, clearly has the required properties since /i^ does. □ 

On the other hand, applying the identification of Corollarv 13.21 to A and B separately gives 
*-isomorphisms 

C (/3Glimm(A) x ^Glimm(5)) — ^ C (/3Glimm(A)) (g C {l3G\irara{B) f^^ZM{A) ® ZM{B), 
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where v is the canonical identification satisfying i^~^{f (8'5')(2;,y) = f{x)g{y) for all elementary 
tensors f ® g and {x,y) G /3Glimm(^) x /3Glimm(i?). 

Let X and Y be completely regular spaces. Then since the product 13 X x j5Y is compact, 
the universal property of the Stone-Cech compactification [121 Theorem 6.5 (I)] ensures that 
the inclusion i : X xY ^ j3X x jiY has a continuous extension to : x y) — )■ /3X x /3y. 
Moreover, since i has dense range, compactness of f3[X x Y) implies that is necessarily 
surjective. 

Considering Glimm(74) C /3Glimm(A) and Glimm(5) C /3Glimm(i?), Lemma 1 1.1 1 gives a 
continuous map 

: (Glimm(A) x Glimm(B), Tcr) (Glimm(A) x Glimm(S), Tp) C /3Glimm(^) x /3Glimm(S), 

and (/) is a homeomorphism onto its range if and only if Tp = Tcr on Glimm(j4) x Glimm(i?). 
Again by the universal property of the Stone-Cech compactification, (j) extends to a continuous 
surjection 

(f)^ : /3(Glimm(y4) x Glimm(5), r^^) ^ /3Glimm(A) x /3Glimm(B). 

Dual to this map is an injective *-homomorphism 

(/)* : C (/3Glimm(^) x /3Glimm(5)) ^ C (/3 (Glimm(yl) x Glimm(B), Tcr-)) , 

sending f ^ f o cj)^ . 

The situation is summarised in the following diagram: 

C(/3Glimm(^) x /3Glimm(S))^^^ C (/3(Glimm(^) x Glimm(5), r^^)) 

r 

C (/3Glimm(A)) (g) C7 (/3Glimm(S)) C (/3Glimm(A -B)) 



Aid 



ZM(^) O ZM{B)^ ^ ZM(^ (g)« B) 

Corollary 3.4. For any (7 -algebras A and B, ZM{A) ZM{B) = ZM{A (g)^ B) if and only 
if the canonical map 

/ : /3(Glimm(^) x Glimm(S), r^r) ^ /3Glimm(A) x /3Glimm(5) 

is injective. Moreover, when this occurs we have Tp = Tcr on Glimm(A) x Glimm(i?). 

Proof. We first show that the preceding diagram commutes; that is, for any h G C(/3Glimm(yl) x 
/3Glimm(i?)) the multipliers zi and Z2 of A ®a B given by 

Zi = {jJa Oip* o (0^)*)(/l), Z2 = {{fiA O fis) o ^) {h) 

are equal. By linearity and continuity it suffices to check equality for functions of the form 
h = g), where / G C(/3Glimm(A)), g G C(/3Glimm(5)). 

Consider an elementary tensor a^b ^ A® a B, and a pair (P, Q) G Prim(j4) x Prim(i?). We 
will show that {zi — Z2){a ® b) + ^{P,Q) = 0. Set {p,q) = {pA x Pb){P,Q), and note that by 
Theorem 12.21 o p^^ o <^)(P, Q) = {p, q). In particular it follows that 

o {cP^y){h){pUHP,Q))) = (/)*(/i)(V' op„ o ^P,Q)) = h{p,q) = f{p)g{q). 
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Firstly by applying the *-isomorpliism of Corollary 13.21 to the element (-0* ° {(j)^)*){h) of 
C(/3(Glimm(A 0a B)) see that 

ziia0b) + <i>{P,Q) = {fi^o^P* o{(j)Py){h){a^b) + <^{P,Q) 
= f{p)9{q){a0b) + HP,Q) 
= f{p)a^g{q)b + ^P,Q). 

On the other hand, applying Corollary 13. 2l to / € C(/3Glimm(A)) giyes fj,A{f)ct — f{p)a € P, 
so that 

i^iA{f)a - f{p)a) g{q)b = HAif)a g{q)b - f{p)a ® g{q)b € ker(gp O qg) = $(P, Q), 

from which it follows that HA{f)a g{q)b + ^{P,Q) = f{p)a ® g{q)b + Q). A similar 
argument applied to B gives fiA{f)a (8> g{q)b + <I'(-P, Q) = fiAif)ci (8> HB{g)b + ^{P, Q), and we 
conclude that 

zi(a0 6) + «>(P,Q) = /iA(/)a0/Xij(5)6 + $(P,Q) 

= ifiA^f^B)if ^g)ia0b) + <l>{P,Q) 
= {fiA(S> fiB ou){h){a(g)b) + ^{P,Q) 
= Z2ia(^b) + ^P,Q). 

In particular (zi -Z2)(a(8)6) € <I>(P, Q) for all a G A, 6 G B and (P, Q) G Prim(^) x Prim(i?). 
Since C]{<^{P, Q) : (P, Q) G Prim(^) x Prim(P)} = {0}, it follows that (zi - 23) (a ® 6) = for 
all a G A, 6 G B. Thus (zi - Z2) {A ®a B) = {0}, that is, zi = Z2. 

Since the vertical arrows of the diagram all describe *-isomorphisms, the inclusion ZM{A)® 
ZM{B) C ZM{A (g>a B) win be surjective if and only if ((/>^)* is. By [121 Theorem 10.3], {(pl^)* 
is surjective if and only if cj)^ is a homeomorphism. 

But then (/)^, being a continuous surjection from a compact Hausdorff space to a Hausdorff 
space, is thus a homeomorphism if and only if it is injective. 

The final assertion follows from the fact that (j)^ is the identity on Glimm(^) x Glimm(S). 

□ 

Let X and Y be completely regular spaces. The question of establishing conditions on X, Y 
and X xY for which canonical surjection : /3(X x 1") — >■ fiX x fiY is injective (and hence 
a homeomorphism) has been studied by several authors. If either X or y is finite, then this is 
trivially true. The most well-known characterisation in the infinite case is due to Glicksberg |13j . 

Definition 3.5. Let X be a completely regular space. We say that X is pseudocompact if every 
/ G C{X) is bounded. 

Glicksberg's Theorem |13l Theorem 1] states that, for infinite completely regular spaces X 
and Y the canonical map /3{X x Y) /3X x f3Y is a homeomorphism if and only if X x y is 
pseudocompact. 

Theorem 3.6. For any (7 -algebras A and B, ZM{A) ® ZM{B) = ZM{A 0„ B) if and only 
if one of the following conditions hold: 

(i) Glimm(j4) or Glimm(P) is finite, or 

(a) Tp = Tcr on Glimm(yl) x Glimm(i?) and Glimm(yl) x Glimm(P) is pseudocompact. 
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Proof. If (i) holds, w.l.o.g. Glimm(i?) is finite, hence discrete and compact. In particular pB 
is an open map, so by Proposition ll.QI fii). Tp = Tcr on Glimm(^) x Glimm(i3). Then by |29l 
Proposition 8.2] the map (p^ is a homeomorphism and hence ZM{A) (g) ZM{B) = ZM{A0a B) 
by Corollary 13.41 

If Glimm(74) and Glimm(i?) are infinite then by |131 Theorem 1], (3 ((Glimm(74) x Glimm(i?), 
is canonically homeomorphic to /3Glimm(A) x /3Glimm(i?) if and only if (Glimm(yl) x Glimm(i?), 
is pseudocompact. Hence in the infinite case, Corollarv lS. 41 gives ZM{A)®ZM{B) = ZM{A®a 
B) if and only if (ii) holds. □ 

Clearly if M{A) 0„ M{B) = M{A 0a B) then ZM(A) ® ZM{B) = Z{M{A) 0« M{B)) = 
ZM(A B). We will show in Example 16.21 that the converse is not true; we construct C*- 
algebras A and B such that ZM{A) ® ZM{B) = Z{M{A (g)^ B)), but M{A) 0^ M{B) C 
M{A C^aB). 

Remark 3.7. It is easily seen that the continuous image of a pseudocompact space is pseudocom- 
pact. In particular if X and Y are completely regular spaces such that X xY is pseudocompact, 
then since the projection maps irx and vry are continuous we have necessarily that both X and 
Y are pseudocompact. 

In the other direction, it is not always true that a product of pseudocompact spaces is 
pseudocompact; see [121 Example 9.15] for a counterexample. However, for a product of pseu- 
docompact spaces X and Y, one of which is also locally compact, then X xY is pseudocompact 
by [Ml Proposition 8.21]. 

Remark 3.8. In the particular case that A and B are unital, then Prim(^) and Prim(i?) 
are compact so that Tcr = Tp on Glimm(^) x Glimm(i?) by Proposition ll.Dl fi). Moreover, 
Glimm(A) x Glimm(i?) is compact, hence pseudocompact. Thus Theorem 13.61 implies the 
Haydon-Wassermann result [151 Corollary 1] in the unital case. 

4 Glimm ideals 

We now turn to the question of determining the Glimm ideals of A ®a B in terms of those ofA 
and B. More precisely Theorem 14.81 shows that, when the Glimm spaces considered as sets of 
ideals of A,B and A B, then the map A of Equation ([2|) satisfies A = ip~'^. 

We define a new map ^ : Id'(74 0^ B) Id' {A) x Id'(i?), which is a left inverse of the map 
$ of Equation ([Ij. For M G Id {A (8)q, B) we define closed two-sided ideals and of A 
and B respectively via 

= {a e A: a(S) B Q M}, = {b e B : A (g) b Q M}. (4) 
The assignment *(M) = (M^, M^) gives a map ^ : Id'(^ 0^ B) Id' (A) x ld'{B). 

Proposition 4.1. Let A and B be C* -algebras and A(ga B their minimal C* -tensor product. 
Then the map ^ : Id'(^ 0a B) — > Id'(A) x Id/ {B) satisfies the following properties: 

(i) vl/ o <I) is the identity on Id' {A) x Id'(i?), 

(ii) ^'(Fac(yl 0a B)) = Fac(A) x Fac(S), 

(Hi) The restriction of ^ to Fac(^ 0a B) is continuous in the hull-kernel topologies, 
(iv) For any M G Fac(^ 0a B), the inclusion M C <I) o \I'(M) holds. 
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Proof, (i) and (iii) are shown in the proof of |22[ Theorem 2.6]. To prove (hi), [14t Proposition 1] 
shows that ^(Fac{A0aB) Q Fac(A) xFac(-B). Surjectivity then follows from Proposition 12.1 I f iii) 
and part (ii). 

As for (iv), it is shown in [TJ Lemma 2.13(iv)] that for any prime ideal M of ^4 (S)a B we 
have M C $ o ^'(M). But then [65 Proposition II. 6. 1.11] shows that every factorial ideal of a 
C*-algebra is prime, from which (iv) follows. 

□ 

We remark that Proposition 14.11 (ii) shows that ^ maps Vi\m.{A®a B) to Fac(j4) x Fac(i?). 
It is not known in general whether ^ maps Prim(yl ®a B) onto Prim(A) x Prim(i3). For 
this reason, we will need to use an alternative construction of the space of Glimm ideals of a 
C*-algebra, which was first considered by Kaniuth in |19j . 

It is shown in |19[ Section 2] how for any C*-algebra A, Glimm(A) can be constructed as 
p(Fac(A)). For /, J € Fac(^) we write I Rij J if /(/) = /(J) for ah / G C^(Fac(^)), and 
denote by [/]/ the equivalence class of / in ¥sic{A). 

Proposition 4.2. Let A he a C* -algebra. Then the relation on Fac{A) has the following 
properties: 

(i) For I € Fac(A) and P € hull(/) we have 

[I]f n Prim(A) = [P] and k ([/]/) = k {[P]) , 

(ii) Fac(j4)/ ~j is homeomorphic to Prim(^)/ ~ via the map [I]f 1— )• [P], where P G hull(/), 
when both spaces are considered with the quotient topology, 

(iii) Each Glimm ideal of A is of the form Gj = k ([/]/) for some I € Fac{A). 

(iv) The equivalence classes of^f satisfy 

[I]f = hnllfiGj). 

Proof. Parts (i) and (ii) are shown in \19\ Lemma 2.2]. (iii) is immediate from (i). 

To prove (iv) take / G Fac(A). It follows from the definition of ~/ that the equivalence class 
[I]f is a closed subset of Fac(y4). By the definition of the hull-kernel topology and by part (iii) 
we then have 

[/]/ = hull/ (A;([/]/)) = hulV(G,). 

□ 

As a consequence of Proposition I4.2f ii). we shall consider the set of equivalence classes 
Fac(A)/ as Glimm(74), and denote by pj^ : Fac{A) — > Glimm(A) the corresponding quotient 
map. Moreover, we may unambiguously speak of the quotient topology on Glimm(^) as the 
strongest topology on this space for for which either or is continuous. 

For C*-algebras A and B and two pairs of ideals (P, Q), {R, S) € Fac(^) x Fac(i?), we will 
write (P, Q)^f {R, S) when g{P, Q) = g{R, S) for all g G C7^(Fac(^) x Fac(P)). By LemmafTTl 
this is equivalent to saying PK.fR and Q '^f S. 

Lemmas H31 1131 and Proposition 14.51 below relate equivalence classes of the relation ~/ in 
Fac{A) X Fac(i?) with those in ¥ac{A ®a B), via the maps <5 and 

Lemma 4.3. Let {I, J) € Fac(A) x Fac(-B), and denote by Gj = k ([/]/) and Gj = k ([J]/) the 
corresponding Glimm ideals of A and B respectively. Then G^(^jj^ := k {[^(I , J)]f), the Glimm 
ideal of A^aB corresponding to [<!>(/, J)] j, satisfies G^i^j j-^ C ^(Gj,Gj). 
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Proof. The fact that J) G Fac{A (g)^ 5) follows from Proposition O (ih)- Taking (P, Q) G 
hun(/) X hun(J) we have <I>(P, Q) G hull ($(/, J)) by Proposition [27T] (i)- In this case Proposi- 
tion [121^1) gives 

k{[I]f) = k{[P]),k{[J] f) = k{[Q]) and k {MI, J)]f) = kmP,Q)]) , 

and so we may replace (/, J) with {P, Q). 

Note that if {R, S) G Prim(y4) x Prim(P) such that {R, S) « (P, Q), and / G C''(Prim(y4 (g)„ 
B) then / o $ G C^(Prim(yl) x Prim(P)), hence f{^{R,S)) = /($(P,Q)), so that <^{R,S) ^ 
^{P,Q). It then follows from Proposition I2.1( v) that 

<!> (Gi, Gj) = ^ ik{[P]), k{[Q])) = f]MR, S) : (P, 5) G hull(A:[P]) x hun(fc[Q])} 

= f|{$(P,5):(P,S)«(P,Q)} 

5 P|{M G Prim(y4(g)„ P) : M « $(P,Q)} 
= A;([$(P,Q)]) = G$(,,j) 

□ 

Lemma 4.4. Por any M G Fac(^ B), $ o ^[M) G Fac(yl B) and M ^'(M). 

Proo/. The fact that ^ o ^{M) G Fac(yl (gj^ P) follows from Propositions [2ll iii) and HTTii). 
By Proposition STjiv), we have M C $ o ^(M). Hence $ o ^'(M) G hull/(M) = {M}, so that 
M f«/ $ o ^(M). 

□ 

Note that the proof of Proposition 14.51 below requires that we base the definition of Glimm 
ideals on the complete regularisation of the space of factorial ideals (since ^ maps factorial 
ideals to factorial ideals). 

Proposition 4.5. Let {I, J) G Fac(^) x Fac(P), M G Fac(A(g)„P) and denote by (M^, M^) = 
^(A/). Then M J) if and only if{M^,M^) (I, J). Hence with Gi,Gj and G^j^j) 

as defined in Lemma \4-3\ we have 

M G hull/ (^^(/.j)) if and only if {M^,M^) G hull/(G/) x hull/(Gj) 

Proof. Suppose M <!>(/, J), and take g G C*(Fac(^) x Fac(P)). Using Proposition lO (ii) 
and (iii), we have g o^i ^ C'' {Fac{A (g)^ B))- Hence 

g{M^, M^) = {g o vI/)(M) = {g o vl/)(<|>(/, J)) = 5(7, J), 

since ^'o<i) if the identity on Fac(74)xFac(P) by Proposition[3T](i). It follows that {M^,M^) 
{I, J). 

Since G^(i^j) = A; ([<!)(/, J)]/), Proposition lOf iv) shows that [<!>(/, J)]/ = hull/(G$(/_j)). 
Similarly [/]/ = hull/(G7) and [J]j = hull/(G j). 

To prove the converse, suppose that {M^,M^) ~j {I, J). Then by Lemma ll.ll I 
and J, so that D G/ and D Gj. Together with Lemma this gives the 

inclusion 

$ o ^(M) = <^{M^, M^) D $ (G/, Gj) D G$(,,j), 

and since by Proposition I2.ir iii) <I> o ^>(M) G Fac(A (g)^ P), it follows from Proposition I4.2n v) 
that ^> o ^(M) <^{I,J). Then by Lemma lOl we have M r^/ $(/, J). 

The final assertion of the statement follows from Proposition I4.2( iv) . □ 



16 



In what follows we make use of the map A : Id'(y4) x ld'{B) —?■ ld'{A (g)^ B) defined via 
For (/, J) G prime(^) x prime(S), (^fo A)(/, J) = (/, J) |21 Lemma 2.13(i)]. We wiU extend this 
to general (/, J) G Id' (A) x ld'{B) in Lemma SS] below. On the other hand, if K G Id' {A® a B) 
then 

{/\o^){K) = K^^a:B + A®o.K^(ZK (5) 
by the definition of and in 

Lemma 4.6. Let I and J he proper ideals of A and B respectively. Then 

(i) hull/A(/, J) = ^-i(hull/(/) X hull/(J)). 

(ii) ^-o A(/, J) = (/, J) 

Proof. To show (i), take F G hull/A(/, J), then ^(F) = {F^,F^) G Fac(A) x Fac{B) and 
^I,F^ ^ J. Hence ^'(F) G hull/(/) x hull/(J). 

On the other hand, suppose F G Fac(A 0^ i?) and ^{F) G hull/(/) x hull/(J). Then 
using (0), A(/, J) C A(F^,F^) C F, as required. 

To prove (ii), denote hy K = A(/, J) and {K^,K^) = "^(K). Then if a G /, a S C 
/ B C K, so a G and hence / C K^. On the other hand, suppose a G -fiT"^ and b G -B\ J, 
so that a®b G -ftT. Choose a bounded linear functional A on 5 vanishing on J such that A (6) = 1. 
Let Lx : A 0a B ^ A he the corresponding left slice map defined via Lx{a' b') = X{b')a' on 
elementary tensors and extended to A B by linearity and continuity \28\ Theorem 1] . Then 
Lx{A J) = {0} and La(/ Q B) Q I, so that Lx{K) C /. In particular Lx{a®b) = a ^ I, 
hence C / and so = I. A similar argument shows that = J, which completes the 
proof. □ 

Corollary 4.7. Let {L,J) G Fac{A) x Fac(i?). Then with Gi,Gj and G^^j^ defined as in 
Lemma \4^ we have 

Ghi,J) = Gl0aB + A(g)aGj 

Proof Take M G Fac(74 0^ B). By Proposition M D ^$(7 j) if and only if 

M G (hull/(G/) X hull/(Gj)). Hence by Lemma lOm. M D j) if and only if M D 

A (G/,Gj), so G$(,,j)= A (G/,Gj). ' □ 

As a consequence of Corollary 14.71 we are now in a position to prove a similar result to [HI 
Theorem 2.3]: 

Theorem 4.8. Let A and B be -algebras and denote byip : Glimm(yl0Q,i?) (Glimm(yl) x Glimm(i?), 
the homeomorphism of Theorem \2.2l Then identifying the Glimm spaces with the corresponding 
sets of ideals we have 

(i) A = -0"^ on Glimm(y4) xGlimm(i?), hence IS. is a hoTTLeoniorphisTTL o/(Glimm(j4) x Glimm(5), T^r*) 
onto Glimm(74 0^ B), 

(ii) ip is given by the restriction of ^ to Glimm(y4 0q, B). 

Proof. Following the notation of Theorem 12.21 Proposition I4.2( i) and Corollary 14.71 show that 
the diagram 

Prim(A) X Prim(_B)f— 5 ^ Prim(^ 0q, B) 



Pa^-Pb 



Pa 



Glimm(yl) x Glimm(S) - — ^ Glimm(^ 0q, B) 
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commutes, i.e., that Ao(p^x/9^) = pa°^- Therefore if we can show that '0~^°(PA xps) = pa°^ 
also, then it wih follow necessarily that A = Tp~^ (since pA x pB is surjective). 

Prom Theorem 12. 2t {pA x p^) o ^ = pA ^ PB and ip o p^ = (p^ x p^), so we have 

Ip'^ o {pA X Pb) = lp~^ o {pA X Pb)o^ 
= 0(^0 p^) o ^ 

= PaO^, 

which proves (i). 

Assertion (ii) is then immediate from (i) and Lemma l4.6f ii). □ 

Suppose that A and B are C*-algebras such that A (8)q, B satisfies Tomiyama's property 
(F). Under this assumption, Kaniuth's result [191 Theorem 2.3] shows that the map A : 
(Glimm(A), Tq) x (Glimm(S), r^) —?■ (Glimm{A ^ a B),Tq) is an open bijection, where Tg de- 
notes the quotient topology on the Glimm space as discussed in Remark 11.111 

In order to extend this to arbitrary minimal tensor products, we first need some Lemmas: 

Lemma 4.9. Suppose that the complete regularisation maps pA and ps are open with respect 
to either Tg or Tcr on Glimm(^) and Glimm(S) respectively. Then 

(i) Tq = Tcr OH cach of Gliuiui^ A) and Glimm(i3), 

(ii) fq = Tcr = Tp on Glimm(^) x Glimm(i?), where fq is the topology induced by the product 
map pax PB, 

(Hi) Tq = Tcr OH Glimm(>l (SIq, B). 

Proof, (i) is shown in the discussion in ^ p. 351]. 

(ii) As a consequence of (i), we may consider Tp as the product of the quotient topologies. 
Since pA x Pb '^s necessarily Tp continuous, Tp is always weaker than fq. 

Consider a fq open subset U of Glimm(74) x Glimm(i?) and let (x, y) G U. Choose (P, Q) G 
Prim(yl) X Prim(i?) with {pA x pb){P,Q) = {x,y). Then since {pA x pb)~^{U) is an open 
subset of Prim(^) x Prim(S), we can find open neighbourhoods W of P and 5 of Q such that 
W xS Q{pAX pB^^iU)- Then we have 

{pA X Pb){P,Q) = {x,y) G p^(W) X pb{S)<^U, 

and /Oyi(yV) x pb{S) is Tp-open since pA and pB are both r^-open. In particular (a;,y) is a 
Tp-interior point of and hence lA is r^-open. 

The fact that Tp = Tcr follows from condition (ii) of Proposition 11.91 

As for (iii), it is always true that Tq is stronger than r^, thus we need to prove that any Tq 
open subset U of Glimm(^ ®a B) is Tcr-open. By part (ii) and Corollarv 12.31 ip is a homeomor- 
phism of (Glimm(^ (8)q, B),Tcr) onto (Glimm(A) x Glimm(i?), fg). So given a r^-open subset U 
of Glimm(yl(8)Q, P), it will suffice to prove that ip{h() is fg-open, that is, that {pA x pb)~^{iP{U)) 
is open. 

Denote by W = {pA x pBy\ij{ll)). We will show that W = <^'^ {p-\U)). Since U is 
Tq-open and <I> is continuous on Prim(74) x Prim(P) by Proposition 12 . It ii) . this will imply that 
W is open. For any {P,Q) G Prim(y4) x Prim(P), Theorem 12.21 gives 

IpopcO $(P, Q) = {pA X pb){P, Q), 

so that (P,Q) G W if and only if pa o $(P,Q) G tl;-^{tl;{U)) = U. It follows that W = 
{Pa^(J^))j SO that V'(^) is fq-open and hence U is Tcr-open. 

□ 
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Lemma 4.10. Let Pj^,p^ and pa denote the complete regularisation maps of Fac{A),Fac{B) 
and Fac{A 0a B) respectively, and let ip ■ Glimm(A 0a B) Glimm(yl) x Glimm(i?) he the 
map of Theorem \2.^ Then it holds that 

^ ° pL°^ = Pa^ Pb 

on Fac(A) x Fac(B). 

Proof. Let (/, J) G Fac(A) x Fac(B) and denote by {p,q) = {p-^^ x p^^){I,J). Take {P,Q) G 
hull(/) X hull(J), so that {pA x Pb){P-,Q) = (p, 9) by Proposition I4.2r i). Then by Proposi- 
tionO^i), $(P,Q) G hun($(/, J)), so that (/>oO$)(P,g) = (p^o$)(/, J) by Proposition lOTil 
appUed to A ®a B. 

Finally, Theorem 12.21 gives 

{^opao $)(P, Q) = {pA X Pb){P, Q), 

SO that 

{^Popf^o^){I,J) = {p{xpi)iI,J), 

as required. □ 

We are now in a position to extend |19| Theorem 2.3], which required the assumption that 
A 0a B satisfies property (F). 

Theorem 4.11. The map ip of Theorem \2. ^1 defines a continuous bijection of (Glimm(^ 0ol 
B),Tq) onto the product space (Glimm(j4), r^) x (Glimm(i?), r^), where Tq denotes the quotient 
topology induced by the complete regularisation map. It follows that its inverse A is an open 
bijection. Moreover, A is a homeomorphism whenever the complete regularisation maps pA ctnd 
Pb are open with respect to the quotient topologies on Glimm(A) and Glimm(i3). 

Proof. Let x V be a basic open subset of the product space (Glimm(A), r^) x (Glimm(i?), r^). 
Then by Proposition I4.2f ii). the preimages W := (/?;^)~^(Z//) and S := (/o;b)~^(V) are open 
subsets of Fac(^) and Fac(i?) respectively. We claim that 'ip~^{U x V) is a r^-open subset of 
Glimm(^ 0a B), that is, that {pi)~^ (V'"^^ x ">^)) 

is an open subset of Fac(^ 0a B). Since 
the map ^ is continuous by Proposition I4.in ii). it will suffice to show that 

ipir' {i,~\uxv)) = ^-\wxs). 

Let M G ^'^^(W X S). By Lemma Ol M ss/ $ o *(M), so that pi{M) = pi{^ o ^{M)). 
Then Lemma 14.101 gives 

V o p/(M) = (V o o $)(vI/(M)) = ip{ X p^)(^(M)) eUxV. 

Hence pi{M) G ip-\U x V), and we have x 5) C (pi)-^ {i'^H^ x V)). 

To show the reverse inclusion, let M G {pL)~^ [iIj~^{U x V)), and denote by {p,q) = [ijj o 
pL){M) £ U xV. Choose (/, J) G W x 5 with (p^ x J) = {p,q). Then invoking 

Lemma |4. lUI again we have 

o J)) = {p{ X pf^){I, J) = (p, q). 

Since ip is injective and o p{^)[M) = {p,q), it follows that pa{M) = pa{^{I, J)) and hence 
Mr^/ ^>(/,J). By Proposition[331 this implies that ^(M) (/, J), sothat (/9;^xp^)(^'(M)) = 
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{p, q). In particular ^'(M) G {p\ x p^g)-'^{U x V) = W x 5, so that M G ^'"^(W x S) and hence 
(p^)-^ (V'"^^ X V)) C ^'-i(W X 5), as required. 

If in addition the complete regularisation maps pA and pB are open, then by Lemma [4.91 we 
have Tq = Tcr on each of Glimm(A), Glimm(i?) and Glimm(A B). Applying Corollary 12.31 
and Theorem 14.81 it follows that A is a homeomorphism of (Glimm(A), r^) x (Glimm(S), Tg) 
onto Glimm(^ ®aB). □ 

5 Sectional representation 

We first describe the Dauns-Hofmann Theorem on sectional representation for C*-algebras. This 
originally appeared as [O, Corollary 8.13], however we adopt a version that follows from |26t 
Theorem 3.3] for convenience. For any C*-algebra A there is a canonically associated upper 
semicontinuous C*-bundle (in the sense of Section 1]) A over Glimm(^), if this space is 
locally compact, or /3Glimm(A) otherwise. Under this representation, 

(i) the fibre algebras are *-isomorphic to the Glimm quotients A/Gp of A, where we define 
Gp = A for p G /3Glimm(yl)\Glimm(A) if necessary, and 

(ii) the map sending a i— )• a, where 



is a *-isomorphism of A onto the C*-algebra of sections of the bundle A vanishing at 
infinity on Glimm(^). 

As a consequence of Theorem l4.8l we can see that for any C*-algebras A and B the canonical 
bundle associated with A (8)q, B has base space homeomorphic to (Glimm(A) x Glimm(i?), Tcr) 



and zero otherwise. 

Lee's Theorem |24l Theorem 4] asserts that the bundle A is in fact continuous (i.e. A is 
♦-isomorphic to a maximal full algebra of operator fields in the sense of Fell [TI] ) if and only if 
the complete regularisation map pA is open (see also [5, Theorem 2.1] and \26\ Theorem 3.3]). 
Thus in the case of a minimal tensor product of C*-algebras, it is natural to ask whether p^ 
being open is equivalent to pA and ps being open. It follows from [19\ Lemma 2.2 and Theorem 
2.3] that this is indeed the case when A (S)a B satisfies property (F). In this section we consider 
this question under more general hypotheses. 

It is well known that A CS)a B satisfies property (F) if and only if <^(/, J) = A(/, J) for 
ah {I, J) € Id'(^) X ld'{B); see [281 Theorem 5 (2)] for example. The assumption that 
^{G,H) = A{G,H) for all Glimm ideals of A and B is weaker in general. For example, if H 
is an infinite dimensional Hilbert space then B{H) ®a B{H) does not satisfy property (F) |3m 
Corollary 7]. However, Glimm(i?(/7)) is a one point space consisting of the zero ideal, and 
clearly $({0},{0}) = A({0},{0}). It appears to be unknown whether there exist C*-algebras 
A and B and Glimm ideals {G,H) € Glimm(A) x Glimm(5) such that A{G,H) C <^{G,H). 

The condition that A = $ on Glimm(A) is equivalent to requiring that the fibre algebras of 
the canonical bundle associated with A (8>o B are given by the minimal tensor products of the 
corresponding fibres of the bundles of A and B, that is 



a{p) 



a + Gp {pe (3G\imm{A)) 




{{A/Gp) (^a (B/Gg) : {p,q) G Glimm(A) x Glimm(5)} 



(6) 
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(with topology inherited from (Ghmm(^) x Gliinm(B) , Tcr) by Theorem 14. 8p . Indeed one may 
always consider an element c (z A 0^ B as a cross-section of the fibred space given by ([6]) via 
{p,q) ^ c + ^{Gp,Gq) for € Glimm(A) x Glimm(S) O p. 136-137]. In the case that the 

bundles of A and B are continuous, it was shown in [3l Corollary 3.1] that this representation 
of A (8>Q B defines a continuous C*-bundle over (Glimm(j4) x Glimm(i?), Tp) in the obvious way 
if and only if A = $ on Glimm(74) x Glimm(i3). 

Theorem 1 5 . 2 1 b elow asserts that under the assumption A = $ on Glimm(74) x Glimm(i?), the 
Dauns-Hofmann representation of Af^a B defines a continuous C*-bundle over Glimm(74(8)Q, B) 
if and only if A and B define continuous C*-bundles over Glimm(^) and Glimm(i?) respectively. 

Lemma 5.1. Let A and B be C* -algebras such that A{G,H) = ^{G,H) for all {G,H) G 
Glimm(A) x Glimm(i3), and let lA C Prim(>l i?) be open. Then 

pa{U) = Pa{Ur\ $(Prim(yl) x Prim(S))) . 

Proof. Let m G Paipi) and choose M gU such that pa{M) = m. Denote by Gm = k{[M]) 
the corresponding Glimm ideal of A ®a B. Then there exist (p, q) G Glimm(yl) x Glimm(i?) 
and corresponding Glimm ideals Gp and Gq of A and B respectively with Gm = ^{Gp,Gq) = 
A{Gp,Gq) by Theorem Ol 

Now M G hull(Gm) n U, which is a nonempty relatively open subset of hull(Gm)- By 
Proposition I2.1l fiv). <I> (hull(Gp) x hull(Gq)) is dense in hull(Gm) = Pa^ii^})- Hence there ex- 
ists (P, Q) G hull(Gp) X hull(Gq) such that $(P, Q) G hull(Gm)n U. In particular Q) G Un 
$(Prim(A)xPrim(i?)), and paO^{P, Q) = m. It follows that Pa{U) ^ Pa{U^ <I>(Prim(A) x Prim(i?))), 
and the reverse inclusion is trivial. 

□ 

Theorem 5.2. Let A and B be C* -algebras such that A{G,H) = ^{G,H) for all {G,H) G 
Glimm(A) x Glimm(i3). Then the following are equivalent: 

(i) Pa is an open map with respect to Tcr on G\\m.m.{A®a B), 

(a) Pa is an open map with respect to Tq on Glimm(y4 ®a B), 

(Hi) Pa cmd pB are open maps with respect to Tcr on Glimm(A) and Glimm(i?) respectively, 

(iv) PA and pB are open maps with respect to Tq on Glimm(yl) and Glimm(i?) respectively. 

Proof. Note that by Lemma l4.9r i). (i) is equivalent to (ii), and (iii) is equivalent to (iv). We 
will show that (i) implies (iv) and that (iii) implies (i). 

Suppose that (i) holds. We first claim that pa^Pb is open as a map into (Glimm(j4) x Glimm(i?), Tcr)- 
Take an open subset U Q Prim(A) x Prim(S). Then since the restriction of ^ to Prim(^) x 
Prim(i?) is a homeomorphism onto its image by Proposition I2.ir ii). there is an open subset 
W C Fi[m{A0aB) withZ^'n^>(Prim(A)xPrim(B)) = <i>{U). Bv Lemma [5Tlo-.iL/M = pa{'^{U)). 
Then by Theorem 12.21 

{pA X Pb){U) = {^opaO <^){U) = (^ o Pa){U'), 

which is Tcr-open since pa is an open map and is a homeomorphism. 

As in the proof of [H p. 351], Tcr must agree with the quotient topology fq on Glimm(A) x 
Glimm(i?) induced by the map pA ^ PB- In particular pA x is a f^-open map. To see that 
PA is open, let W C Prim(^) be open. Then 

(pa X pb) (W X Prim(B)) = pa{W) x Glimm(5) 
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is fg-open, hence {pA x ps) ^ (p/ilVV) x Glimm(i?)) is open. By Lemma [TTT] we have 

{pA X pb)-^ {pAm X Ghmm(5)) = p^^ (pa(>V)) x Prim(5), 

so that in particular, p^^ {pa{W)) is open. It follows that pA is a r^-open map. A similar 
argument shows that ps is r^-open, hence (i) implies (iv). 

Assume that (iii) holds and take an open subset U C Prim(^ iS)a B). Then lA fl ^{FT\m.[A) x 
Prim(i?)) is a relatively open subset of $(Prim(^) x Prim(S)). Again by Proposition I2.1l fii). 
there is an open subset V C Prim(^) x Prim(i?) such that <I>(V) =U D <I>(Prim(74) x Prim(i?)). 
By Theorem 12.21 we then have 

(V o p,) (U n $(Prim(A) X Prim(S))) = (V' o o $)(V) = {pA x pb){V), 

which is Tcr-open since pyi x p^ is a Tcr-open map by Lemma [4.9( ii). Together with Lemma [5. 1|, 
this shows that 

Pa{K) = Pa{Kn $(Prim(A) x Prim(S))) = V'"' {{pA x pb)(V)) , 
which is open since ■0 is a homeomorphism. Hence pa is an open map. 

□ 

Following a suggestion of R.J. Archbold, below we give a similar result to Proposition 4.1]. 
Under the assumption that A and B each have at least one Glimm quotient containing a nonzero 
projection, we show in Proposition 15.41 that the implication (i)^(iii) of Theorem 15.21 does not 
require A = <I> on Glimm(^) x Glimm(i?). We establish as a corollary that under the same 
assumptions on A and B, if A (S)a B is quasi-standard then A and B must be quasi-standard. 

Lemma 5.3. Let X and Y be topological spaces. Then for any uq € Y , the map sending 
Px{x) I—)- PxxYix^Uo) is a homeomorphic embedding of pX into p{X x Y), with respect to the 
corresponding Tcr-topologies on each space. 

Proof. By Lemma ll.ll we may identify p(X x Y) with {pX x pY,Tcr) under the canonical map- 
ping pxxYix,y) ^ {px{x),pY{y)). Clearly the map sending px{x) ^ {p x (x), py ivo)) is a 
homeomorphic embedding of pX into pX x pY with the product topology Tp. Thus we must 
show that the restrictions of the Tp and Tcr topologies to the subspace pX x {py (yo)} are equal. 
Since Tp < Tcr it will suffice to show that for any Tcr-open subset O of pX x pY and xq X 
such that (pxixo), PYiuo)) £ O, there is a cozero set neighbourhood U of px{xq) in pX such 
that U X {py(yo)} ^ O. 

Since O is Tcr-open there is 5 € C^{X x Y) such that coz{g^) is a neighbourhood of 
{px{xo),PY{yo)) contained in O. Define / € C^{X) via /(x) = g{x,yo), then fP € C^{pX) 
and {px{x)) = g^ (pxix), pYiuo)) for all x £ X. In particular , f^{px{x)) = if and only if 
a'' {px{x),PY{yo)) = 0, so that 

coz(/0 X {py(yo)} = coz(/) n {pX x {py(yo)}) , 

as required. 

□ 

Proposition 5.4. Suppose that A and B are (T -algebras such that the complete regularisation 
map Pa '■ Prim( A (8)q.-B) — )• Glimm(Ai^aB) is open. If there exists a point qo E Glimm(i3) (resp. 
Po € Glimm(A) j such that the quotient C* -algebra B/Gq^ (resp. A/Gp^) contains a nonzero 
projection, then pA (resp. ps) is open. 
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Proof. Let e (z B such that e + Gq^ is a nonzero projection in B/Gq^^. Then the map Qp : A — )• 
{A B)/A{Gp, Gqa) defined by 

Qp{a) = a (g) e + A{Gp, Gq^) 

is a *-homomorphism for each p € Glimm(yl). We first claim that kerGp = Gp. 

Indeed, it is clear that if a G Gp then a (8> e G A(Gp, Gq^), so that Gp C kerGp. Now choose 
a state A of vanishing on Gq^ such that A(e) = 1, and consider the associated left slice map 
Lx : A B ^ A defined on elementary tensors via Lx{a (81 6) = A(6)a, and extended to A iSia B 
by linearity and continuity. Then since Lx{A Gg^) = {0} and Lx{Gp Q B) C Gp, we have 
Lx{A{Gp, Gqo)) C Gp. In particular, if a G kerGp then a (8> e G A(Gp, Gq^), so that 

Lx{a (8) e) = A(e)a = a G Gp, 

hence kerOp = Gp. It follows that for any a G j4 and p G Glimm(^), \\a + Gp|| = ||Gp(a)||. 

By f5^, Theorem 2.1 (i) (ii)] the function on Glimm(^ ®a B) sending x 1— > |[a (8) e + Gx\\ 
is continuous. Since by Theorem 14.81 A : (Glimm(yl) x Glimm(i?), Tcr) G\\mm{A®a B) is a 
homeomorphism, the map sending {p, q) ^ \\a(^e+A.{Gp, Gq)\\ is Tc^-continuous on Glimm(A) x 
Glimm(i?) for every a G A. 

Finally, by Lemma [5.3l the map p ^ {p, go) is a homeomorphic embedding of Glimm(A) into 
(Glimm(74) x Glimm(i?) , Tcr). It follows that for each a G j4 the function p 1— >■ ||a + Gp || agrees 
with the composition of continuous maps given by 

p^ {p,qo) ^ A{Gp,Gg,,) ^ \\a(g)e + A{Gp,Gqo)\\ 

Glimm(A) ^ ^ (Glimm(A) x Glimm(S), r^r) ^ Glimm(>l (8a B) ^ M, 

hence is continuous. By ^ Theorem 2.1 (ii) (i)], this implies that pA is open. □ 

An ideal / of a C*-algebra A is said to be primal if whenever n > 2 and Ji, . . . , J„ are 
ideals of A with zero product then Ji ^ I for at least one i between 1 and n. We say that A 
is quasi- standard if the complete regularisation map pA is open, and every Glimm ideal of A is 
primal. There are many equivalent definitions of quasi-standard C*-algebras, see [U Theorems 
3.3 and 3.4] for example. 

Corollary 5.5. Suppose that A and B are C* -algebras such that A (8a B is quasi- standard. If 
there exists a point go S Glimm(i?) (resp. po G Glimm(A) j such that the quotient C* -algebra 
B/Gqf^ (resp. A/Gp^) contains a nonzero projection, then A (resp. B) is quasi- standard. 

Proof. Since A (8a B is quasi-standard, the Glimm ideals of A and B are primal by [H Lemma 
4.1]. The fact that pA and pB are open under the respective hypotheses then follows from 
Proposition 15.41 □ 

We remark that if Z{B) 7^ {0} then there is go G Glimm(i3) such that Z{B) ^ Gg„ (otherwise 
Z{B) C f|{Gg : q G Glimm(5)} = {0}). It then follows from [3 Proposition 2.2(ii)] that B/Gq^ 
is in fact unital, and in particular contains a nonzero projection. 

This condition is not necessary for the assumptions of Proposition 15.41 and Corollary 15.51 to 
hold, as can be seen by taking B = K{H) for a separable infinite dimensional Hilbert space H. 
Then Glimm(i?) consists of the zero ideal, so that B \s a Glimm quotient of itself. We have 
Z{B) = {0}, while B contains all of the finite rank projections on H. 
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6 Examples 



Our first example shows that the topologies Tp and indeed differ for the complete 

regularisation of a product of primitive ideal spaces when condition (ii) of Theorem 11.61 fails. 
We show that the primitive ideal space of the (separable) C*-algebra A of [9l III, Example 
9.2] admits a point Pq for which no cozero set neighbourhood of -Pq in Prim(^) has w-compact 
closure. Further we exhibit a cozero set neighbourhood U of {Pq,Pq) in Prim(yl) x Prim(yl) 
which does not contain a product V x W of cozero sets V, W C Prim(74). Thus pA x Pv{^) is a 
Tcr-open subset of Glimm(j4) x Glimm(i?) which is not r^-open. In particular we deduce that 
Glimm(A A) is not homeomorphic to (Glimm(^) x Glimm(74), Tp). 

Example 6.1. Let be a separable infinite dimensional Hilbert space, {e„ : n = 1,2,...} 
a fixed orthonormal basis for H, and let K{H) denote the compact operators on H. The 
subset D{H) of all compact operators that are diagonalisable with respect to the basis {e^} is 
a C*-subalgebra of K{H). Let 

A = {F G C{[-l,l],K{H)) : F{t) G D{H) for all t > 0}. 

With pointwise operations and norm ||F|| = sup{||F(t)|| : t £ [—1, 1]}, ^ is a C*-algebra. Each 
element F of A is given by an infinite matrix of continuous functions Fij : [—1, 1] C, such 
that 

F{t)e, =Y,{Fi,jii)e^■i = l,2,...}. 
The set Prim(A) consists of the ideals 

P{t) = {FeA: F{t) = 0} for t < 
P{t, n) = {F eA: F„,„(t) = 0} for t > 0, n G N 

The topology on Prim(^) is as follows: 

• For t < 0, a neighbourhood basis for P{t) is given by the sets 

N{t,e) := {P{q) : |g - t| < e, g < 0} 

• For t = and n G N, -P(0, n) has a neighbourhood basis of sets 

M(0, n, e) := {P{q) : -e < g < 0} U {P{q, n) : < g < e} 

• For t > and n G N, a neighbourhood basis for P{t, n) is given by the sets 

M{t, n, e) := {P{q, n) : q > 0,\q - t\ < e} 

For each n let I„ = [0, 1] x {n}, and for t G [0, 1] let t^") = {t, n) e In- Then 

oo 

Prim(.4) = [-l,0)U(|Jl„), 

n=l 

where each point O^"-* has a neighbourhood basis of intervals (-e, 0) U [0^'") , e^")). It is easy to 
see that for a pair of points 0^'^-' and 0^"^\ with n ^ m, any open neighbourhood of 0^"^ will 
intersect every open neighbourhood of O^™) in the subset [—1,0). 



24 



The complete regularisation map p : Prim(j4) — )• Glimm(^) fixes the sets [—1,0) and 
(0W,lW] for all n. The set {0^") : n G N} is mapped to a single point 0^'^^. Moreover, 
0^") does not have a compact neighbourhood in Glimm(A). For a proof of these facts, see [HI 
Examples 3.4 and 9.2]. Hence 

oo 

Glimm(A) = [-1,0] U |J(0("),l(")], 

n=l 

where a neighbourhood basis of O^"-* is given by the sets (-5o, 0] uU~=i(0("), ^i"^) where 5j > 
for all j > 0. Glimm(A) is homeomorphic to the subset of C given by 

[-1, 0] U {re*^ : < r < 1, = ^vr for n > 1}. 

We will show that no 0^"^ has a cozero set neighbourhood in Prim(A) with w-compact 
closure. Indeed any such neighbourhood is of the form p~^{V) where ^ is a cozero set neigh- 
bourhood of in Glimm(yl), and is hence a neighbourhood of O^-'^ for all j G N. Hence for every 
j G N U {0} there is Sj > such that 

oo 

U:= (-eo,0)u|J[o("\4"^)C/9-^(y). 

n=l 

Note that 

oo 

u = [-eo,o)u|J[o("\4"^], 

n=l 

oo 

p{u) = (-eo,o]uU(o("),4")), 

n=l 

and that p{U) is clearly a cozero set of Glimm(A), hence [/ is a cozero set of Prim(yl). 

We claim that it suffices to consider a cozero set neighbourhood of 0^"^ of the form U. 
Indeed, if p~^{V) were w-compact, then U, being the closure of a cozero set of a w-compact 
space, would also be w-compact by [HI Proposition 3.8]. Therefore if U is not w-compact, then 
no cozero set neighbourhood p~^{V) of 0^"^ can be w-compact. 

For each n let C/„ = [-eo,0) U [0("\ei"^]. Then the collection {[/„} is an open cover of U. 

If we take any finite subcollection, w.I.o.g Ui, . . . , Un, then clj-^ (C^i U . . . U C/„) consists of all 
points X ^ U such that any cozero set neighbourhood of x intersects C/iU...U[/„. If m>n 
and G (O^'^^e^^] then we can choose g G C''((0(™),e^^]) with 5(2/'-™'^) = 1, vanishing off 
a compact neighbourhood of 

in (0 

, Sm.]- Extending g to be zero elsewhere on U gives a 
cozero set neighbourhood of y*^™^ disjoint from C/i U . . . U It follows that 

c^(C/i U . . . U ?7„) = C/i U . . . U U {0(") : m > n}, 

a proper subset of U . So 0^"^ does not have a cozero set neighbourhood with w-compact closure 
for any n. 

We now show that the product topology Tp on Glimm(A) x Glimm(74) is strictly weaker 
than Tcr- Note first that 

(00 \ / 00 \ / 00 

[-1,0) X J /„ U IJ X [-1,0) U U Im^In 

n=l / \m=l / \m,n=l 

The neighbourhood basis of the following types of points will be of interest: 
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• (0('"),0(")): sets of the form 

((-(5,0) U[0(™\(5(™))) X ((-e,0)U[0("), 

where 5,£ > 0. 

• (x,y) € {0(™)} X (0("),l(")]: neighbourhoods of the form 
where < S < 1,0 < e < \y\. 

neighbourhoods of the form 
((x-(5)("^),(x + (5)("*)) X ((-£,0)U[0("),£('*))) 

For each m, n G N define fm,n '■ Im x ^ [0, 1] via 

fm,n{x, y) = max(l - mnx, 1 - mny, 0). 

Then > when x < ^ or y < ^, i.e. coz(/^,„) = [OM, i^)^""^) x [0^, {^^''^ 

Now define / : Prim(^) x Prim(A) [0, 1] via 



f{x,y) 



fm,n{x,y) ii{x,y)e X In 
1 otherwise 



Then / is continuous since /r„,n(0("'), O^")) = /m,n(0("), y^^^) = /m.nCx^'^^ 0^")) = 1, and by the 
neighbourhood bases of these points constructed above. Moreover, the cozero set of / is 

(OO \ / OO \ j oo 

[-1,0)X IJ/JU U/„X[-1,0) U U [0M,(A.)("^))x[0W,(;i;^)(")) 
n=l / \m=l / \rn,n=l 

We show that coz(/) is not a union of cozero set rectangles. Indeed, for i,j € N, suppose 
U xV were a cozero set neighbourhood of (0(*),0(-'^) contained in coz(/). As before we may 
assume w.l.o.g. that 

OO 

U = Mo,0)U \J[0^"'\6t^) 

m=l 

OO 

V = (-£o,0)uU[0("),4")), 

n=l 

where Sj,ej > for aU j > 0. If x F C coz(/) then in particular it must be true that 

for all m, n > 1. In other words, Sm < ^h: for all n > 1 and £n < zh: for all m > 1. But then 
<^m = £n = for all m, n > 1. □ 
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In what follows we denote by wq the first infinite ordinal and by ui the first uncountable 
ordinal. For i = 0, 1 we let [0,a;j) be the space of all ordinals j < LOi and [0,uji] = [0,uJi + 1). 
These spaces will be considered with the order topology, with basic open sets given by 



(a,/?) := {7 G [0,tJi] : a < 7 < /?} 



where a,/3 G [0,u}i] for i = 0,1. A useful property of the space [0,a;i) is that /3([0,a;i)) = 



It follows from JTT, 5.11(c) and 5.12(c)] that the space [0,wi) is a non-compact pseudocom- 
pact space. On the other hand [0, coq) is homeomorphic to N, which being infinite and discrete 
cannot be pseudocompact. 

Our second example is a nontrivial application of Theorem 13.61 First we describe the C*- 
algebra A of [21', Appendix], which has the property that Glimm(yl) is pseudocompact but non- 
compact. We then construct a (non-unital) cr-unital C*-algebra B with Glimm(i?) compact, 
such that M{A) 0« M{B) ^ M{A ®„ S), while ZM{A) (g) ZM{B) = ZM{A B). 

Example 6.2. Let Y = [0,a;i] x [0, cl!o]\{('^1) ^o)} and denote hy S = {^i} x [0,a;o) and 
T = [0,a;i) X {loq}. Define a new space X = Y U {y}, where y ^Y with topology such that Y 
is embedded homeomorphically into X, and {y} is an open set whose closure is U {y}. 

Let C = Co(Y), D = Co{S) and let vri : C ^ D be the restriction map. Let H be 
an infinite dimensional separable Hilbert space and {pn} a sequence of infinite dimensional 
mutually orthogonal projections on H. Define an injective *-homomorphism X : D ^ B{H) via 
A(/) = En=i fi^i,rL)pn, and note that X{D) n K{H) = {0}. 

Set E = X{D) + K{H) and let 712 : E ^ D be the quotient map. Let vl = {(c, e) £ C ® E : 
7ri(c) = 7r2(e)}. Then Prim(A) is homeomorphic to X. 

The complete regularisation map pA maps Y\S to itself, and S U {y} to a single point which 
we will denote by z. Thus Glimm(yl) = (l^XS*) U {z}, where a neighbourhood basis of z is given 
by the collection of sets of the form 



for some ordinals < a„ < a;i for all 1 < n < ujq. 

Note that Y\S = [0, ui) x [0, ujq], being the product of a pseudocompact space and a compact 
space, is necessarily pseudocompact. It follows that Glimm(j4) is pseudocompact. 

Consider the C*-algebra B of sequences (Tn) G B[H) such that — > T^o G K{H), with 
pointwise operations and supremum norm. Then Prim(i?) consists of the ideals 



for no G N, and Pqo = {(?n) : T^o = 0}. The R::-equivalence classes in Prim(i3) then consist of 
pairs {PngjKno} for no G N, and {Poo}- As in the proof of [H Proposition 3.6], the complete 
regularisation map ps ■ Prim(i?) — ?> Glimm(i?) is open and Glimm(i?) is homeomorphic to 
N U 00, with Gq = Pq for all 1 < g < 00. 

We claim that i? is a fi-unital C*-algebra. Fix an orthonormal basis {cm '■ G N} of H . 
For each n G N let 1„ denote the projection onto the n-dimensional subspace of H spanned by 
ei, . . . ,6^. Then {1„ : n G N} is an increasing approximate identity for K{H). 

Now define sequences via 



[0,a;i] [121 5.13]. 




{(r„) : r„„ G K{H)} 




1 



1 if m <n 
n if m > n 
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for each n G N. We wih show that the sequence {E^"'^}n is an approximate identity for B. Take 
T = (Tfn) € B and let e > be given. Note that for each n, 

\\T - E(")r|| = sup \\Tm - E^^^T^W = sup \\Tm - InTml 
m>l m>n 

by definition of E^'^\ Then 

• there exists rriQ > 1 such that \\Tm — T^oW < | whenever m > tuq, and 

• there exists ni > 1 such that \\Too — InTooH < | whenever n > ni (since Too £ K{H) ). 
Set no = max(mo, ni). Then if n > no and m > n we have 

\Tm InTml I ^ \\TjYi -^ooll ~l~ ll^oo lnTm|| 



< 


IIT 

II m 




T 1 

J- oo 1 


+ 


IIT 

II oo 


< 


IIT 




T 1 

oo 1 


1 + 


IIT 

11^ oo 


< 


IIT 

II J- m 




T 1 

J- oo 1 


1 + 


IIT 

11-' oo 


< 


£ 

4 + 


£ 

4 


e 

+ 4 




T' 



In particular, for all n > no we have 

||T - ^(")t|| = sup ||T„ - InTmW <^<£, 

SO that n, is a countable approximate identity for B. 

Now take the tensor product A ®a B. Since B is cj-unital, the inclusion M{A) ®a M{B) C 
M[A ®ci B) is strict by [U Theorem 3.8]. Since pB is open, Proposition 11.91 (ii) shows that 
"Tcr = 'Tp on Glimm(74) x Glimm(i?). Hence by Theorem[2?2]Glimm(yl (8)Q,i?) is homeomorphic to 
Glimm(A) x Glimm(i?) with the product topology. Moreover, as a product of a pseudocompact 
space and a compact space, Glimm(A) x Glimm(i?) is pseudocompact |29^ Proposition 8.21]. 
It then follows from Theorem EJ] that ZM{A) ® ZM{B) = ZM{A ®„ B). 

□ 

Acknowledgement: The author thanks R.J. Archbold for suggesting the topic initially 
and for detailed comments on an earlier draft of the paper. 
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